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Abstract. Let A, B, S be finite subsets of an abelian group G. Suppose that the 
restricted sumset 


C = {a + b: a ^ A, b ^ B, and a — b ^ S} 

is nonempty and some c ^ C can be written as a + b with a £ A and 5 £ i? in 
at most m ways. We show that if G is torsion-free or elementary abelian then 
|C| ^ |A| + |i3| — \S\ — m. We also prove that \G\ ^ |A| -1- |B| — 2|S'| — m if the 
torsion subgroup of G is cyclic. In the case S = {0} this provides an advance on 
a conjecture of Lev. 


1. Introduction 

Let A and B be hnite nonempty subsets of an (additively written) abelian 
group G. The sumset of A and B is dehned by 

AB = {a + h\ a ^ A and b G B}. 

The Cauchy-Davenport theorem (cf. [N, pp. 43-48]), a basic result in additive 
combinatorial number theory, states that 

\A + B\ ^ min{p, |A| -h \B\ — 1} 

if G = 'Lj’pL with p prime. Another theorem due to Kemperman and Scherk (cf. 
[Sc], [Ke] and [L2]) asserts that 

\A + B\^ \A\ + \B\- min i'a,b{c), (1.1) 

ceA+B 

where 

i^a,b{c) = |{(a, b) e A X B: a + b = c}|; (1.2) 
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in particular, we have |A + i?| ^ |A| + |i?| — 1 if some c & A-\- B can be uniquely 
written as a + 6 with a G A and b & B. 

Now we dehne the restricted sumset 

A + B = {a h: a & A, b G B, and a ^ b}. (1-3) 

In 1964, Erdos and Heilbronn [EH] conjectured that if G = Z/pZ with p prime 
then 

|H + H| ^ min{p, 2\A\ — 3}. 

This is much more difficult than the Cauchy-Davenport theorem concerning un¬ 
restricted s um sets. It had been open for thirty years until Dias da Silva and 
Hamidoune [DH] conhrmed it in 1994 using representations of symmetric groups. 
Later Alon, Nathanson and Ruzsa [ANRI, ANR2] developed a powerful polyno¬ 
mial method to give a simpler proof of the Erdos-Heilbronn conjecture (see also 
[A2]). They showed that if G = Z/pZ with p prime then 

\A + B\ ^ min{p, |A| -|- |i?| — 2 — h}, 

where h is 1 or 0 according to whether |A| = \B\ or not. The reader may consult 
[HS], [Kl], [K2], [LI], [LS] and [SY] for various extensions of the Erdds-Heilbronn 
conjecture. 

Motivated by the Kemperman-Scherk theorem and the Erdos-Heilbronn con¬ 
jecture, Lev [L2] proposed the following interesting conjecture. 

Conjecture 1.1 (Lev). Let G be an abelian group, and let A and B be finite 
nonempty subsets ofG. Then we have 

|A-j-HI ^ |A|-f-IRI — 2 — min zz^b(c). (1.4) 

ceA+B 

This conjecture is known to be true for torsion-free abelian groups and ele¬ 
mentary abelian 2-groups. It also holds when |G| is prime, or G is cyclic and 
|G| ^ 25. (Cf. [L2].) 

Now we state our main results. 

Theorem 1.1. Let A and B be finite nonempty subsets of a field F. Let 
P{x,y) G F[x,y] and 

G = {a + b: a G A, b E B, and P{a, b) ^ 0}. (1-5) 

If G is nonempty, then 

\G\ ^ |A| -I- \B\ — degP — (1.6) 

c6C ’ 


Remark 1.1. When P{x,y) — 1, (1.6) becomes (1.1). 

Notice the difference between the minima in (1.4) and (1.6): as G C A-|-i? we 
have miUceA-rs «^a,b(c) ^ miucec «^a,b(c). 
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Theorem 1.2. Let A and B be finite nonempty subsets of an abelian group G 
whose torsion subgroup 

Tor(G) = {g E G: g has a finite order} 

is cyclic. For i = 1,... , / let rrii and Hi be nonnegative integers and let di E G. 
Suppose that 

G = {a + b: a E A, b E B, and mia — Uib ^ di for all i — 1,... , /} (1-7) 

is nonempty. Then 

i 

\G\ ^ \A\ + \B\ - '^{mi + Ui) - rmnuA,B{c). (1.8) 

i=l 


Remark 1.2. When A and B are finite snbsets of Z, the restricted snmset in (1.7) 
was first stndied by Snn [Snl]. 

From Theore m s 1.1 and 1.2 we dednce the following resnlt on difference- 
restricted snmsets. 

Theorem 1.3. Let G be an abelian group, and let A,B,S be finite nonempty 
subsets of G with 

G = {a + b: a E A, b E B, and a — b ^ S} ^ (1.9) 

(i) If G is torsion-free or elementary abelian, then 

\G\ ^ |A| + \B\ - IS”! - minz/A,B(c). (1.10) 

cec 

(ii) //Tor(G) is cyclic, then 

\G\ ^ \A\ + \B\ - 2|5'| - mmuA,B{c). (l.H) 


Proof. Withont loss of generality we can assnme that G is generated by the finite 
set A U S U S'. 

If G = then we can simply view G as the ring of algebraic integers in an 
algebraic nnmber field K with [K : Q] = n. If G = (Z/pZ)"" where p is a prime, 
then G is isomorphic to the additive gronp of the finite field with p'^ elements. 
Thns part (i) follows from Theorem 1.1 in the case P{x,y) = ~ V ~ ^)- 

Let di,... ,di be all the distinct elements of S. Applying Theorem 1.2 with 
mi = TT-i = 1 for alH = 1,.. . , / we immediately get the second part. □ 
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Remark 1.3. It is interesting to compare Theorem 1.3 in the case S = {0} with 
Conjectnre 1.1. 

Concerning the set C given by (1.9), there are some known results of different 
types. When A, B, S are finite nonempty subsets of a field whose characteristic is 
an odd primep, the authors [PS] proved that \C\ ^ min{p, |A| + |i?| — IS”!—g —1}, 
where q is the largest power of p not exceeding [S'!. By modifying Karolyi’s proof 
of [Kl, Theorem 3], we can show that if g > 1 is a power of a prime p, and 
A,B,S are subsets of JjjqL with min{|A|, |i?|} > \S\, then \C\ ^ min{p, |A| + 
\B\ - 2|5| - 1}. 

We will give a key lemma in the next section and prove Theorems 1.1 and 1.2 
in Section 3. Our proofs use a version of the polynomial method. 

2. Some preparations 
O ur basic tool is as follows. 

Combinatorial Nullstellensatz ([Al, Theorem 1.1]). Let Ai, ... , An be finite 
nonempty subsets of a field F, and set gi{x) = naeAi(^ ~ ~ 1 ,... ,n. 

Then f{xi, ... , Xn) G ^[ 0 : 1 ,... , Xn] vanishes over the Cartesian product Ai x 
■ ■ ■ X An if and only if it can be written in the form 

n 

f{xi,... ,Xn) = ^gi{xi)hi{xi,... ,Xn) 
i=l 

where hi{xi ,... , Xn) G F[xi ,... , Xn] and deg hi ^ deg / — deggi. 

With help of the Combinatorial Nullstellensatz, we provide a lemma for our 
purposes. 

Lemma 2.1. Let A and B be finite nonempty subsets of a field F, and write 




Ui = \{{a,b) e A X B 

: a + Xib = pi}\ 


(2.1) 

for i = 

1 ,... 

, k where Xi E F \ {0} and p, 

: G F. Let P{x, y) E 

F[x,y]. 

Suppose 

that for any 

i — 1 ,... , /c there 

are a G 

A and b E B with 

P{a, b) 

7 ^ 0 and 

a + Xib 

hi ; 

and that for each (( 

i^b) E A X B with P{a, 6 ) 7 ^ 0 

there is 

a unique 

i e { 1 ,. 

.. ,k} with a + Xib = pi. 

Then we 

have 





k + min{z/i,. 


\A\ + \B\ — degP. 


(2.2) 


k 

f{x,y) := P{x,y)Yl{x + Xjy - Pj) 
i=i 


Proof. Clearly 
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vanishes over A X S. Set (7a(t) = na6A(^~®) dsiv) = Y\beB^y~^)- By the 
Combinatorial Nnllstellensatz, there are hA{x,y),hB{x,y) G F[x,y] snch that 

/( t , y) = gA{x)hA{x, y) + gBiy)hB{x, y) 


and 

maxjdeg gA + degdeg gB + deg Hb} ^ deg/. 

Fix 1 ^ i ^ k. Write hB^x^y) = Yls t^o ^stX^V^ where Cgt G F. Then 


hB{x, y) = ~ +y‘i- -^iyVy^ = (x + Xiy - gi)q{x, y) + r{y), 

s,t^Q 

where q{x,y) G F[x,y], and r{y) = hB^gi — Xiy,y) has degree not greater than 
deghB- 

Now assnme that k + Ui < | A| + |i?| — deg P. We want to dednce a contradiction. 
Set 

Aq = {a G A: (//j — a)/Xi ^ B}. 

Obvionsly |Ao| = |A| — Ui and gBiigi — (i)/Xi) 7 ^ 0 for any a G Aq. If a G Aq, 
then 


9 b 



Hb 




gA{a)hA 



0 


and hence 



= 0 . 


Since degr ^ deg / — deg (75 < |A| — Ui — |Ao|, we mnst have r{y) = 0 , i.e., 
hB{x,y) is divisible by a: + Xiy — gi. Recall that there are ao G A and bo E B 
snch that P(ao, 60) 7^ 0 and ao + Xibo = gi- Since /iB(ao, 60) = 0 , the polynomial 
^(ao,y) nj=i(«o + Aj77-/U7) = fiao.y) = gB{y)hB{ao,y) is divisible by [y-bof. 
As ao + Xjbo 7^ gj for any j ^ / we mnst have 77 — 60 | T'(ao, 77), which contradicts 
the fact that P(ao, bg) 7^ 0. □ 


3. Proofs of Theorems 1.1-1.2 

Proof of Theorem 1 . 1 . Let gi,... , /Ua; be all the distinct elements of C. Applying 
Lemma 2.1 with Ai = ■ ■ ■ = Afc = 1, we hnd that 

\C\ + minz/A,B(c) ^ |A| + \B\ - degP 

ceC 

which is eqnivalent to (1.6). □ 

Proof of Theorem 1 . 2 . Withont loss of generality, we can assnme that G is hnitely 
generated, and fnrthermore that G is a snbgronp of the mnltiplicative gronp of 
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the field of complex numbers (see the proof of Theorem 1.1 of [Su2]); thus, C is 
the set 

{ab: a & A, b & B, and ^ di for alH = 1,... , /}. 

Let — Ai,... , — Afc be all the distinct elements of (7, and set 

i 

Pix,y) = l[ix^*y-^-d,). 

i=l 

Then, for each j G {1,... , k}, there are a E A and b E B such that a + Aj 6 “^ = 0 
and P(a, 6 “^) 7 ^ 0. li a E A, b E B and P{a,b~^) 7 ^ 0, then there is a unique 
j E {1,k} such that Xj = —ab (i.e., a + Xjb~^ = 0). Applying Lemma 2.1 to 
the sets A and B~^ = b E B} with ni = ■ ■ ■ = = 0, we obtain that 

k+ min |{(a, 6) G A x S: a + Aj6 “^ = 0 }| ^ |A| + — degP. 

l^j^k 


Therefore 


\C\ + min |{(a, b) E A x B: ab = c}\ ^ \A\ + \B 


i 

+ n^) 

i=l 


as desired. □ 
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